Abstract. We show that the minimum period modulo p of the Bell exponential integers is (p p − 1)/(p − 1) for all primes p < 102 and several larger p. Our proof of this result requires the prime factorization of these periods. For some primes p the factoring is aided by an algebraic formula called an Aurifeuillian factorization. We explain how the coefficients of the factors in these formulas may be computed.
Introduction
The first-order Bell exponential integers B(n) may be defined by the generating function These integers appear in many combinatorial problems. For example, B(n) is the number of ways a product of n different primes may be factored. See [6] and its references for more background. Williams [13] proved that for each prime p the sequence {B(n) mod p; n = 0, 1, . . . } is periodic and that the minimum period divides
He showed that the minimum period is precisely N p for p = 2, 3 and 5. Levine and Dalton [6] showed that the minimum period is exactly N p for p = 7, 11, 13 and 17. They also investigated the period for the other primes < 50. We show that the minimum period is exactly N p for each prime < 102 and for several larger primes. Our technique is the same one used by Levine and Dalton. We show that the period is not N p /q for any prime factor q of N p . We were able to extend their work so far because of great advances in integer factoring methods since 1962.
In the next two sections we describe our attempts to factor N p for primes p < 180. The final section explains how we investigated the period of {B(n) mod p}.
Factorization of N p
As we tried to factor N p for the odd primes p < 180, we also tried to factor the important related numbers K p = (p p + 1)/(p + 1) for the same primes p. It is well known that all prime factors of N p and K p have the form 2kp + 1, where k is a positive integer. After just a little trial division we used the Elliptic Curve Method [5] . We used the Quadratic Sieve Method [9] to factor the occasional integer of modest size which did not succumb to the Elliptic Curve Method. Before we did any of this work, however, we used the fact that for each odd prime p, one of N p , K p admits an algebraic factorization into two nearly equal factors. In fact, if p is squarefree, then the numbers (p hp − 1)/(p − 1) when p ≡ 1 (mod 4) and (p hp + 1)/(p + 1) when p ≡ 2 or 3 (mod 4) have algebraic factorizations for all odd h. Although we describe these factorizations in general in Theorem 2, in this paper we use only the case h = 1 and p prime. The algebraic factorizations are called Aurifeuillian because some of these formulas were discovered by Aurifeuille (see page 276 of [7] ).
The known factors of N p and K p are given in Tables 1 and 2 . The notations P xx and Cxx denote prime and composite numbers of xx digits. An L or M following p refers to the Aurifeuillian factor of Theorem 2 below.
Levine and Dalton [6] copied some factors from the table in Cunningham [4] including the erroneous "factor" 6709 of N 43 , and found more factors by trial division. But they did not use the Aurifeuillian factorizations from [4] . If they had, they could have finished factoring N 29 and probably also N 37 . 
Aurifeuillian factorizations
For integers n > 0 let Φ n (x) denote the cyclotomic polynomial
where ζ n is a primitive nth root of unity. It is well known that
is irreducible over the integers, it may be reducible over certain quadratic fields. Theorem 1 sets the stage for some factorizations of this type. The first two parts of Theorem 1 were proved by Lucas [8]. Schinzel [11] gave a modern proof of the entire theorem. Our Theorem 1 is the case m = n of Theorem 1 of [11] . Let (m|n) be the Jacobi symbol. 
Theorem 1. Let n > 1 be a squarefree integer. Then there exist polynomials P n (x)
and Q n (x) with integer coefficients such that
when n is odd, and
n (x) when n is even. These polynomials can be computed from the formulas
where the products are over 0 < s < n, 0 < t < n, (st, n) = 1, (s|n) = 1, (t|n) = −1 when n is odd, and from the formula
where the product is over 0 < s < 4n, (s, 4n) = 1, (n|s) = 1 when n is even.
It is easy to modify Theorem 1 to use only real numbers. Theorem 2 does this and also restricts the identities to cases when they produce interesting Aurifeuillian factorizations, that is, when the cyclotomic polynomial is expressed as the difference of two squares. Let φ(n) denote Euler's totient function.
Theorem 2. Let n > 1 be an odd squarefree integer. Then there exist polynomials C n (x) and D n (x) with integer coefficients and degrees φ(n)/2 and φ(n)/2 − 1, respectively, with the following properties. Let h be an odd positive integer. If n ≡ 1 (mod 4), then
and if n ≡ 3 (mod 4), then
The coefficients of C n (x) and D n (x) may be computed from the identity
where f n (s) = cos 2πs n if n ≡ 1 (mod 4) and f n (s) = sin 2πs n if n ≡ 3 (mod 4). Let n be an even squarefree positive integer. Then there exist polynomials C n (x) and D n (x) with integer coefficients and degrees φ(n) and φ(n) − 1, respectively, so that (1) holds when h is an odd positive integer. The coefficients of C n (x) and D n (x) may be computed from the identity
Proof. Let n ≡ 1 (mod 4). Then (−1|n) = 1. By Theorem 1, Φ n (x) = P 2 n (x) − nxQ 2 n (x), where
In the product combine the factors with s and n − s. Note that (s, n) = 1 if and only if (n − s, n) = 1. Also (n − s|n) = (s|n) and ζ s n + ζ n−s n = 2 cos 2πs n . The product of the two factors is x 2 − 2(s|n)2 cos 2πs n x + 1. Writing C n (x) = P n (x), D n (x) = Q n (x) and x = n h gives the result. There are φ(n)/2 quadratic factors in the product in (2) , so the degree of the polynomial in (2) is φ(n). Since this polynomial is C n (x 2 ) − √ n xD n (x 2 ), the degree of C n is φ(n)/2 and the degree of D n is φ(n)/2 − 1. Now let n ≡ 3 (mod 4). Then (−1|n) = −1. By Theorem 1, Φ 2n (x) = P 2 n (−x)− nxQ 2 n (−x), where
In the product combine the factors with s and n − s. Note that (s, n) = 1 if and only if (n − s, n) = 1. Also (n − s|n) = −(s|n) and ζ s n − ζ n−s n = 2i sin 2πs n . The product of the two factors is x 2 − 2(s|n)2 sin
h gives the result. Now suppose n is even. Then n ≡ 2 (mod 4) because n is squarefree. By x + 1. Since (n, s) = 1, the factor (1 + (n|s)) is 2 when (n|s) = 1 and is 0 when (n|s) = −1. Writing C n (x) = P n (x), D n (x) = Q n (x) and x = n h gives the result and proves Theorem 2.
The two factors of Φ n (n) or Φ 2n (n) in Theorem 2 are denoted nL and nM in Tables 1 and 2 . A table of coefficients of C n (x) and D n (x) for n < 120 may be found in Table 34 on page 453 ff. of Riesel [10] .
Ordinary 64-bit double-precision floating-point arithmetic permits the correct calculation in a fraction of a second of these coefficients for odd n < 180. The program was tested by comparing the product of nL and nM , computed from C n (n) and D n (n), with N n or K n , computed independently.
Brent [2] gives an algorithm for computing the coefficients of C n (x) and D n (x) which uses integer arithmetic throughout.
The period of {B(n) mod p}
When p is prime, this period is known to be a divisor of N p . To test whether the period divides some factor N of N p , it is enough to compare B(N + i) mod p with B(i) mod p for 1 ≤ i ≤ p. Only these p pairs need to be compared because the congruence
of Touchard [12] shows that any p consecutive values of B(n) mod p determine the sequence after that point. For each prime divisor q of N p listed in 
